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Abstract 

Locally L°-convex modules were introduced in [D. Filipovic, M. Kupper, N. Vogelpoth. 
Separation and duality in locally L°-convex modules. J. Funct. Anal. 256(12), 3996-4029 
(2009)] as the analytic basis for the study of conditional risk measures. Later, the algebra 
of conditional sets was introduced in [S. Drapeau, A. Jamneshan, M. Karliczek, M. Kupper. 

The algebra of conditional sets and the concepts of conditional topology and compactness. 

J. Math. Anal. Appl. 437(1), 561-589 (2016)]. In this paper we study locally L°-convex 
modules, and find exactly which subclass of locally L°-convex modules can be identified 
with the class of locally convex vector spaces within the context of conditional set theory. 
Second, we provide a version of the classical James’ theorem of characterization of weak 
compactness for conditional Banach spaces. Finally, we state a conditional version of the 
Fatou and Lebesgue properties for conditional convex risk measures and, as application 
of the developed theory, we stablish a version of the so-called Jouini-Schachermayer-Touzi 
theorem for robust representation of conditional convex risk measures defined on a Z/°°-type 
module. 

Keywords: stability properties; locally L°-convex module; conditionally locally convex 
space; James’ compactness theorem; conditional convex risk measure; conditional Lebesgue 
property; Jouini-Schachermayer-Touzi Theorem 


Introduction 

The study of risk measures (or monetary utility functions, i.e. the negative value of a risk 
measure) was initiated by Artzner et al.[T], by dehning and studying the concept of coherent risk 
measure. Follmer and Schied |12] and, independently, Frittelli and Gianin |15j later introduced 
the more general concept of convex risk measure. Both kinds of risk measures are defined in 
a static setting, in which only two instants of time matter, today 0 and tomorrow T; and the 
analytic framework used is the classical convex analysis, which perfectly applies in this simple 
model cf. [SllSlIIl]. For instance, Delbaen [J] in the coherent case and later Follmer et al. m in 
the general convex case, obtained that any convex risk measure p defined on L°°(n, P) has 
a representation formula as follows 

p{x) = sup {Eg [—a;] — a{Q) ; Q P} for all x G L°° 

if, and only if, p is order lower semicontinuous —equivalently, p has the Fatou property—. 
Moreover, the so-called Jouini-Schachermayer-Touzi theorem u Theorem 2] (see also [251 The¬ 
orem 5.2] for the original reference) states that the representation formula is attained —i.e, the 
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supremum turns out to be a maximum— for all x € L°° if, and only if, p is order continuous 
—equivalently, p has the Lebesgue property—, which is also equivalent to the weak compactness 
of the sublevel sets of a. 

However, when dealing a dynamic or multiperiod setting, in which the arrival of new in¬ 
formation at an intermediate time 0 < t < T can be taken into account, it is quite delicate to 
apply convex analysis, as Filipovic et al. m explained. In order to overcome these difficulties 
Filipovic et al. m proposed to consider a modular framework, where scalars are random vari¬ 
ables instead of real numbers. Namely, they considered modules over L°(H, P) the ordered 
ring (of equivalence classes) of J^-measurable random variables, where is a u-algebra that 
models the market information available at some time t. For this purpose, they established 
the concept of locally L°-convex module and proved randomized versions of some important 
theorems from convex analysis. 

Since then, the theory of locally L°-convex has been applied to the study of conditional risk 
measures. Namely, Filipovic et al. Em used the so-called L^-type modules as a model space. 
For a given probability space (H,£,P), a sub-u-algebra and 1 < p < oo, the L^-type module, 
denoted by L^{£), is defined as the smallest L°(J^)-submodule of L^{£) containing the space 
LP{£) of measurable functions, i.e. L^{£) = L°{T)LP{£). They considered conditional L^{T)- 
convex risk measures as a L°(J^)-convex, cash-invariant and monotone function from L^{£) to 
L\F). 

Recently, S. Drapeau et al.|8], in a more abstract level than L°-theory, created a new 
framework, called the algebra of conditional sets, in which stability properties are supposed on 
all structures and the techniques developed in the L°-theory can be applied in a structured 
way. They also introduced the notion of conditional real line and showed its relation with LP . 
Then, they succeeded in constructing a conditional topology and a conditional real analysis, 
proving conditional versions of some classical theorems of topology and functional analysis in 
this framework. 

In the first part of this paper, we look deeper into the connection between locally L'^-convex 
modules and the conditional set theory. Namely, for fixed the measure algebra associated to 
an underlying probability space, we find, in terms of a equivalence of categories, which class of 
locally L°-convex modules can be identified with the class of conditionally locally convex vector 
spaces. This will allow us to apply the machinery of conditional set theory to locally L*^-convex 
modules and, conversely, to draw from L'^-theory some existing important results (for instance, 
theorems from nniiiziiiniiii]) to conditional set theory when the underlying boolean algebra 
is a measure algebra. Also, in a negative direction, we show examples of locally L'^-convex that 
lack stability on either the algebraic structure or the topological structure, highlighting that 
some locally L°-convex modules fall outside the scope of conditional set theory. For instance, 
we find that the weak topologies that typically have been employed for topological L°-modules 
are not necessarily stable, and we need to consider a finer version of they in order to allow the 
conditional set approach. 

In the recent literature about dynamic or conditional risk measures, some results on robust 
representation have been obtained cf. [Il El HH m]. For instance, Deflefsen and Scandolo [7] 
showed that, for a given probability space (H, P) and a sub-cr-algebra J" of £, if p : L°°{£) —)• 
L°°{T) is a risk measure which is L°°(J^)-cash invariant and L°(J^)-convex, then it has the 
Fatou property if, and only if, it can be represented as follows 

p(a::) = ess.sup {Egl-xlJ"] - Q!(Q) ; Q < P, for x G L°°(£). (1) 

However, the attainability of these representations in terms of some compactness condition 
has not been studied so far. Therefore, another contribution of the present paper is to state 
a suitable Lebesgue property for the dynamic case, and provide a version of the mentioned 
Jouini-Schachermayer-Touzi theorem for conditional convex risk measures defined on a L°°-type 
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module. In this way, by using scalarization techniques and the machinery of conditional set 
theory, we characterize the robustness of a conditional risk measure in terms of the conditional 
Lebesgue property and also in terms of conditional compactness. As a consequence, we also 
provide a result showing that, for each x G L°° (£), the supremum Q turns out to be a maximum 
if, and only if, some conditional compactness condition is fulfilled. 

The proof of the Jouini-Schachermayer-Touzi theorem is typically based on versions of 
original version of the classical James’ theorem for weak compactness cf. [S1I15]. Thus, another 
contribution, which will be a key piece in the proof of the version of Jouini-Schachermayer- 
Touzi theorem provided in this paper, is a perturbed version of James’ compactness theorem 
in the framework of conditional Banach spaces. As a particular case, we will also obtain a non 
perturbed version of this theorem in this framework. 

This paper is structured as follow. In Section I, we first study stability properties on locally 
LO -convex modules, and collect some results and examples exhibiting how the different types 
of stability properties affect the algebraic and topological structures of the locally L°-convex 
modules; and second, we recall the framework of conditional sets —this setting will be use in 
the remainder of this work—, and show how locally L*^-modules are connected with conditional 
sets. In Section 2, we obtain a conditional version of the classical James’ compactness theorem; 
and, as application, we define conditional versions of the Fatou and Lebesgue properties, and 
prove a version of Jouini-Schachermayer-Touzi theorem for conditional convex risk measures on 
a L°°-type module. 

1 Locally L^-convex modules and conditionally locally con¬ 
vex vector spaces 

1.1 Locally LO -convex modules and stability properties 

First and for the convenience of the reader, let us give some notation. Let (12, P) be a given 
probability space, and let us consider (12, P), or simply the set of equivalence classes 

of real valued J^-measurable random variables. It is known that the triple (L®, -|-, •) endowed 
with the partial order of almost sure dominance is a lattice ordered ring. We will follow the 
common practice of identifying a random variable with its equivalence class. 

Given 77 , ^ G we will write t] > ^ if ¥ {rj > ^) = 1, and 77 > ^ if P (77 > ^) = I. We also 
define L° := {77 S ; 77 > 0} and := {77 S ; 77 > O}. We will denote by L^, the set of 
equivalence classes of J^-measurable random variables taking values in K = K U {± 00 }. The 
partial order of almost sure dominance is extended to in a natural way. Furthermore, given 
a subset H <Z , then H has both an infimum and a supremum in for the order of almost 
sure dominance that will be denoted by ess. inf H and ess. sup iJ, respectively. 

This order also allows us to define a topology. We define := {ij G ; | 77 |<e} the ball of 
radius e G L++ centered at 0 G Then, {77 -|- ; 77 G L°, e G _|_} is a neighborhood 

base of a Hausdorff topology on (see Filipovic et al. HD]). 

We also define the measure algebra associated to J", denoted by Ajr —or simply A —, 
obtained by identifying two events of A if, and only if, their symmetric difference is P-negligible. 
We will denote by a, 5,... the elements of A, and by 0 and 1 the equivalence classes of 0 and 12, 
respectively]^ In this way, we obtain a complete Boolean algebra (A, V, A, 1,0). From time to 
time we will identify an element of A with some representative of A. 

Given a G A, where a is the equivalence class of some AGA,we define la as the equivalence 
class in of the characteristic function 1a (note that this definition does not depend on the 
representative A). 

^This notation is used in accordance with [8]. 
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We also define the set of partitions of a given by p(o) := {{afcjfcgN C A ; Va^ = a, Qi A aj = 
0, for all i ^ j, i,j € N}. Note that we allow = 0 for some fc S N. 

We also denote by Aa ■= {b £ A ; b < a} the trace of A on a, which is also a complete 
Boolean algebra and can be identified with the measure algebra associated to the probability 
space (A, where A is a representative of a and J^a ■= {B G ; B C A}. 

Let us recall some notions of the theory of locally L°-convex modules: 

• [M Definition 2.1] A topological L°-module E[^] is a L°-module E endowed with a 
topology AA such that 

E X E [AA] —E [AA] , (x, x') i-a x + x', [j-l] x A [SA] — > E [SA ], ( 77 , x) !->■ -qx 

are continuous with the corresponding product topologies. 

• [ini Definition 2.2] A topology on a L°-module E is said to be locally L°-convex if 
there is a neighborhood base U oiO G E such that each U GU is 

1. L°-convex, i.e. qx + {1 — q)y G U for all x,y G U and q G L° with 0 < 77 < 1; 

2. L°-absorbent, i.e. for all x G E there is a 77 G such that x G qU; 

3. L°-balanced, i.e. qx GU for all x G 17 and q G L° with I 77 I < 1. 

In this case, E is called a locally L°-convex module. 

• nni dehnition 2.3] A function H-H : E -G is a L°-seminorm on E if: 

1. || 77 x|| = I 77 I ||x|j for all q G L° and x G E-, 

2. ||a: + y|| < ||x|| + \\y\\, for all x,y G E. 

If moreover, ||x|| = 0 implies x = 0, then H-H is a L°-norm on E. 

Let ^ he a family of L°-seminorms on a L°-module E. Given a finite subset A of and 
e G L++, we define 

Uf,s := {xG E; ||x||p, < e} , where ||x||p, := ess. sup {||x|| ; || • || G F}. 

Then := j s & F C ^ finite} is a neighborhood base of 0 G if for some 

locally L°-convex topology T, which is called the topology induced by ^ (see HO]). E endowed 
with this topology is denoted by E \l^\. 

Let us recall more notions: 

• Given a sequence {xk\ in a L°-module E and a partition {cfc} G p(l), an element x G E 
is said to be a concatenation of {xk\ along {uk} G p(l) if i^a^Xk = ^a^x for all k gN. 

• Let if be a L°-module, a non-empty subset AT C if is said to be stable, if for each sequence 
{xk} in K and each partition { 0 ^} G p(l), there exists a unique concatenation x G if of 
{xk} along {cfc}. 

It is important to highlight that there are examples of L°-modules such that, for {x^} C E 
and {ofc} G p(l), there can be more than one concatenation of {x^} along {cfc} as [301 Example 
1.1] exhibits. However, if E is stable, then for each sequence {x^} C E and every partition 
{ofc} G 73 ( 1 ) there exists a unique concatenation x G if of {x^} along { 0 ^}, and we will use the 
notation x = ^a^Xk- Also, it is important to note that not every L°-module is stable, 

even if it has uniqueness for concatenations; for instance, see [101 Example 2.12]. 

For any family of L°-seminorms, one can also define a topology by using another method, 
which has been treated in the literature under different approaches (see [TUI Definition 2.20] 
and comments after Definition 2.5 and after Remark 3.5 of [UU|1: 
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Definition 1.1. Let be a family of -seminorms on a -module E. Given a partition 

{afc} S _p(l), a family {-FfclfeeN of non-empty finite subsets of , and e G we define 


U{F^},{a^},e := {xGE; x;iafc ||a;||p,^ < e} with ||a:||^^ := ess. sup {||a;|| ; || • || S Fk}. 
Then 

^ := {U{Fu},{o-k},e ; e G ^++: Fk C ^ finite for all k G N, {ofe} e p(l)} 

is a neighborhood base of 0 G E for some locally -convex topology on E, which is finer than 

the topology induced by . This topology will be referred to as the topology stably induced by 
, and E, endowed with this topology, will be denoted by E [tf^cc]- 

We have the following result: 

Theorem 1.1. Let E[t^] be a stable topological L^-module. Then ST is stably induced by a 
family of L^-seminorms if, and only if, there is a neighborhood base 'f/ of 0 G E for which 

1. each U G ^ is LO -convex, L^-absorbent, L'^-balanced and stable; 

2. and for each {ok} G p{l) and {Uk} C 'fT it holds ^ G 

In this case, is stable; that is, for every {ok} G p{l) and every countable family of 

non-empty open sets {Ok}, it holds that ^ la^Ok is again an open set. 

Proof. If ST is stably induced by a family of L°-seminorms then the family 

:= {tf{Ffc}.{afe},£ ; e G L++, Fk C finite for all k G N, {ofe} G p(l)} 

is a neighborhood base of 0 G £1 with respect to the topology ST, which satisfies the conditions 
1 and 2 of the statement. 

Conversely, let be a neighborhood base of 0 G i? satisfying 1 and 2 above. From m 
Theorem 2.6], we know that 1 implies that ST is induced by the family of L°-seminorm^ 
{Pu}uG‘W: where pu : E ^ L*}^ is the gauge function (see [51 Definition 2.21]). Let us show 
that, in fact, is stably induced by that family. Indeed, let us fix a partition {ok} G p(l), a 
sequence {Fk} of finite subsets of ^ and e G £++. For each fc G N, let us choose Uk G ^ with 
Uk C nFfe. Then, inspection shows that 

X G E ; la,, ess. sup pu{x) < s 
ueF„ 

= {xGE;pj^^^^^yx)<^^}. 

Since J2^akUk G ^, the result follows. 

Finally, given {ak} G p(l) and {Ok} a countable family of non-empty open sets, let us show 
that O lofcOfe is open. Indeed, for a fixed x G O, let be a neighborhood base of 0 as 
in Theorem o Also, let {xk} be so that Xk G Ok and la^Xk = ^akX for all k. Then, for each 
k, we can choose Uk G ^ with Xk + Uk C Ok. Therefore x -I- ^ la^C/fc C X] lofcOfc = O. 

□ 

^Theorem 2.6 of m considers a mild stability property for the elements of the neighborhood base considered 
in the theorem, namely being closed under countable concatenations. It is easy to show that, when E is 
stable, a subset U with this property turns out to be the stable. Further, in ED, and independently in m , a 
counterexample was provided showing that this extra condition cannot be removed if one wants ^ to be induced 
by a family of L^-seminorms. 


I D |x G A ; ^ Ia,pc/^(x) < |} = 
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Definition 1.2. A stable topological -module E in the conditions of Theorem \l . l\ is called 
locally stable L'^-convex module. 

In the following example, we give a locally L'^-convex topology which is induced by a family 
of L°-seminorms and yet it is not stably induced by any family of L'^-seminorms. 

Example 1.1. Let P) be an atomless probability space and {ok} G p{l) with Ok 0 

for each k G N. Let us take the L^-module For each k G N, let us consider the 

application Pk{xn) '■= \xk\ with (x„) € Then {pk ; fc G N} is a family of L^-seminorms 

which induces the product topology on However, it is not stably induced by a family 

of L^-seminorms. Indeed, let us define Oi := (0,1) x and for each n > 1, let us put 

On := X (0,1) X (L°)”. Then J^^a^Ok = IlfeeN 1“*= 1) + is not an open 

subset. In view of Theorem the product topology cannot be stably induced by any family of 
LO -seminorms. 


Filipovic et al. m introduced the topological dual of a topological E[III] L°-module E, 
which is denoted by 


E[,‘7]* = E* = ■. E ^ L^ ] /i is — linear and continuous} . 


Let E\IIT] be a locally L°-convex module. Let us consider the family of L°-seminorms 
{gx*'\x*^E* defined by qx*{x) := |a:*(a:)| for x € E. Then, we can endow E with the weak 
topology E\a{E,E*)\ and with the stable weak topology E[a{E,E*)c,f\. Analogously, we have 
the weak-* and the stable weak-* topology. 

The stable weak (resp. weak-*) topology is finer than the weak (resp. weak-*) topology. 
The following example shows that both are not necessarily equal, even when E is stable: 


Example 1.2. Filipovic et al. m introduced the following locally L^-convex modules, which 
are called L^-type modules. Namely, let (f2,i£’,P) be a probability space such that F is a sub-a- 
algebra of £ and p G [l,-|-oo]. Then we can define the L^{F)-module L^{£) := L^(F)LP{£), 
which is stable (see m Proposition 3.3]), and for which 


Ep Iifp<oo 
ess. inf {y G (F) ] y > \x\} if p = oo 


defines a L^{F) -norm. 

Besides, it is known that for 1 < p < -boo, if I < q < +oo with 1/p -\- 1/q = 1, the map 
T : Ljr(f) —?> [L/plS)]* , y i-G Ty defined by Ty{x) := Ep[x2/|J^] is a L^{F) -isometric isomorphism 
(see m Theorem 4.5]). 

The weak topologies are defined, and the family of sets 

UF,e ■■= {x G L^{£) ; |Ep[a;j/|J']| < e, Vy G F}, 

where F is a finite subset of L‘]p[£) and e G Lp_|_(F), constitutes a neighborhood base of 0 G 
L]p{£) for the weak topology. 

Let us consider the particular case: 12 = (0,1), £ = B(Q) the Borel a-algebra, Ak = 
[^, 2 ^^) with k Gfl, F := a({Ak ; k G Nj) and P := A the Lebesgue measure. Let us denote by 
Qk the equivalence class of Ak in A. Also, for each fc G N, let us define L/. := L'^(Ak) considering 
the trace of F on Ak and the conditional probability P(-|Afc). For each x G L'^ we denote 
||a:|Afe ||2 := Ep[a:^|Afc]^/^. In this case, L^{F) = ’ ’’’k € E}, and inspection shows 

= {EfcgNlofc®*; G Ll) and, for x G L%{£), we have \\x\F \\2 = EfegN 
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For each k, let us choose a countable set {y^ ; n S N} with where {z!^} is a 

linearly independent subset of L^. Let 

fcGN 

We have that U is a neighborhood of 0 G L‘^{£) for the topology a-{L'^(£), Ljr{£))cc, but not 
for the topology a-{L'^{£), Ljr{£)). Indeed, to reach a contradiction, let us assume that there 
is a finite subset F of L'^{£) and e G L^_i^(F), where e = ^ 

Up^g C U. Now, let us take k := ffF + 1. 

Let us define F^ := {y\Ak ; U € F}t then 

UpkWk C in ifc- 

For each y G L\, let us denote piy{x) := Ep[a::y|>lfc]. Then, it follows that 

k 

n C fl ker(/ij^fc). 

i/G-F i=l 


But this is impossible, because ker(/ij,) is a vector subspace of L^ with codimension less 

than k, included into a vector subspace with codimension k. 

We have the following result, which relates the stability on the topological structure of E[IF] 
with the stability on the algebraic structure of E[I7]*: 

Proposition 1.1. Let E\££] be a topological L^-module. If SF is stable, then E[3I]* is stable. 

Proof. Suppose that {/ife} is a countable family of continuous L'^-linear applications from E 
to L^ and {0*,} G p(l), then we can define y := X) ^akTk-, which is a L°-linear application 
from E to L^. Let us show that p is continuous. It suffices to study the continuity at 0 G i?. 
Fixed £ G L+_|_, for each k G there exists Ok G IF with 0 G so that p{Ok) <G B^. If 
we set O := it is an open neighborhood of 0 G i? since IF is stable. We obtain 

p{0) CY.^akT{Ok) C B,. □ 

1.2 Relation between the class of locally LO -convex modules and the 
class of conditionally locally convex vector spaces 

Once our study on locally L°-convex modules has finished, we turn to recall the basic notions of 
the theory of conditional sets, which will be the setting used in the remainder of this paper. We 
will end this section by showing how the notion of locally L°-convex module (with the suitable 
stability properties) is embedded in this setting. Let us recall the notion of conditional set: 

Definition 1.3. Definition] A conditional set E of a non-empty set E is a collection E of 
objects x\a for x G E and a G A satisfying the following three axioms: 

1. If x\a = y\b, then a = b; 

2. (Consistency) if x,y G E and a,b G A with a <b, then x\b = y\b implies x\a = y\a; 

3. (Stability) if {ok} G p(l) and {xk\ C E, then there exists exactly one element x G E such 
that x\ak = Xk\ak for all A: G N. 

The unigue element x provided by 3 is called the concatenation of {xk} along {0^}, and is 
denoted by J2k(^n^k\ak, or simply J2^k\ak- 
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Drapeau et al.[5] originally introduced the notion of conditional set on an arbitrary complete 
Boolean algebra. However, for the purpose of this paper it suffices to consider the measure 
algebra A as the underlying Boolean algebra. Notice that, in doing so, we avoid to use non 
countable partitions, overcoming the difficulties arisen from that. 

Another remark is that Drapeau et al.[5] provided a general construction for the conditional 
real numbers on an arbitrary Boolean algebra (see [HI Definition 4.3]). In [HI Theorem 4.4], 
it was also showed that, in the particular case in which the underlying Boolean algebra is a 
measure algebra A, conditional real numbers can be identified by the following conditional set: 

On X A it can be defined an equivalence relation ^ given by {ij, a) ^ (^, b) if, and only 
if, la ?7 = and a = b. If we denote by ri\a the equivalence class of {r],a), we have that the 
related quotient set R is a conditional set of which is referred to as conditional real numbers. 

We can extend the equivalence relation dehned above to x A, by identifying ( 77 , a), (^, b) 
whenever lat] = I;,^ and a = b, understanding 0 • (+ 00 ) = 0. Then, inspection shows that the 
quotient set R is a conditional set which will be called extended conditional real numbers. 

More notions from conditional set theory are the following: 

Let E be a conditional set of a non-empty set E. A non-empty subset E of A is called stable 
if 

F = ; {a^} e p(l), Xi G F for all z|. 

S'(E) stands for the set of all stable subsets F of E. 

The stable hull of a non-empty subset E of A is introduced in [H] as 

s(E) := ; {aj S p(l), Xi G F for all , 

which is the smallest stable subset containing F. 

It is known from [H] that every set F G ^(E) generates a conditional set 

E := {x\a ; X G F, a G A} . 

For any non-empty subset F of E, s{F) stands for the conditional subset generated by s{F). 

Example 1.3. The conditional numbers R is a conditional set of LP{F). Let L°(E;N) and 
L^(iF;Q), or simply L°(N) and L°(Q), denote the sets of (equivalence classes of) F-measurable 
natural-valued random variables and rational-valued random variables, respectively. Then, if we 
consider N,Q as subset of (by considering constant function in N or Q, respectively), it is 
clear that s(N) = L°(N) and s(Q) = L°(Q). Thereby, we define the conditional sets N := s(N) 
and Q := s(Q), which are called conditional natural numbers and conditional rational numbers, 
respectively. 

Conditional natural numbers and conditional rational numbers were defined in Examples 
2.3] in a general way, but it is also clear from that they can be identified with the above 
conditional sets, and this is the definition that we adopt for the present setting. 

For a given conditional set E, we have that E(E) denotes the collection of all conditional 
sets E generated by E S S'(E), and the conditional power set is dehned by 

P(E) := {F|a = {x\b ; x G F, b < a} ■, F G E(E), a G A} , 

which is a conditional set of E(E) (see [HI Dehnition 2.7]). 

Drapeau et al.[H] also observed that every element E|a is a conditional set of E|a := {x\a-,x G 
E} considering the measure algebra Aa, with the conditioning (a:|a)|5 := x\b for b < a. Such 
conditional sets are called conditional subsets of E. Also, we say that E|a is on a. 

Suppose that L|a and M |6 are conditional subsets. Then, L|a is said to be conditionally 
included, or conditionally contained, in M |6 if L|a C M|&. In that case, we use the notation 
L|a C M| 6 , which dehnes a partial order in P(E). 
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As in [S], the notation F or F|a for a conditional subset on a will be chosen depending on 
the context. 

Drapeau et al.[8] introduced operations for conditional subsets: we have the conditional 
union^ the conditional intersection, and the conditional complement, which are denoted by U, 
n and respectively. We do not include the construction; instead, we refer to the proof of [51 
Theorem 2.9]. Moreover, (P(E), U, E, EjO) is a complete Boolean algebra which is called 
the algebra of conditional sets (see (51 Corollary 2.10]). 

Let E and F be conditional sets of E and F, respectively. A function f : E ^ F is stable 
if ^k\ak) = fi^k)\ak for every {xk} C E and {ofc} G p(l)- A conditional function 
f : E —)• F is the conditional graph Gf = {{f{x)\a,x\a) ; x G E, a G A} defined from on a 
stable function f : E ^ F. Let E and I be conditional sets of E and /, respectively. A stable 
family {xi} in E is the graph G/ = {{f{i),i) ', i G 1} where /:/—>• A is a stable function. A 
conditional family {xj} in E is a conditional function f: I —^ E (see Definitions 2.17 and 2.20 
of |8]). 

In general, conditional set theory is an extensive theoretical development, therefore there 
is no room in this paper to give a detailed explanation. Instead, we refer the reader to |5], 
where a comprehensive introduction to conditional set theory is provided. There, the algebra of 
conditional set is introduced, and apart from the notions defined above, one can find all sort of 
conditional versions of classical concepts such as: conditional binary relation, conditional partial 
order, conditional supremum (resp. infimum), conditional total order, conditional image and 
conditional antiimage of a conditional function, conditionally injective function, conditionally 
surjective function, conditionally bijective function (see [HI Section 2]); conditional topology, con¬ 
ditional topological space, conditional topological base, conditional closure, conditional interior, 
conditional neighborhood base, conditionally continuous function, conditional convergence, con¬ 
ditional compactness, conditionally sequentially compactness (see in Section 3]); in [H Section 
4] conditional metric spaces are introduced. 

Also, in [HI Section 5] it was introduced the notion conditionally vector space (see [51 Defini¬ 
tion 5.1]), and, as particular case, it was also defined conditionally locally convex vector spaces 
(see [HI Definition 5.4]), which will be called conditionally locally convex spaces hereafter. Other 
important notions introduced in [5| Section 5] are the notions of conditionally convex, condi¬ 
tionally absorbent and conditionally balanced subset (see [HI Definition 5.1]). The conditional 
weak topologies were also introduced in [HI Section 5]. In addition, Zapata [HI] provided a study 
of conditional weak topologies based on conditionally locally convex spaces. 

In what follows, we adopt the notation and terminology of [H] with only three exceptions 
that will be explained below (which is exactly the notation of [32]): 

1. For given finitely many conditional sets Ei,E 2 ,...,E„ the conditional product will be 
denoted by Ei N ... N E„. This notation allows us to distinguish between classical 
product and conditional product. 

2 . Drapeau et al.[H] introduced the notion of conditional element of a conditional set E of 
E. Namely, a conditional element is the object x := {x\a ; a G A} where x G E. A 
conditional element is not an element of E. However, by consistency, the map that sends 
the conditional element x to the element xjl, is a bijection. Therefore we can make the 
identification x = a;jl. Doing so, we can see x as an element of E and use the convenient 
notation x G E. 

3. Some conditional subsets will be required to be defined by describing their conditional 
elements. For instance, suppose that (f> is a certain statement which can be true of false 
for the conditional elements of E. Since the family {x G E; ^(x) is true} is not generally 
a conditional set, we will use the following formal set-builder notation for conditional 
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subsets: 


[x G E ; 0(x) is true] := s ({a; ; (^(x) is true}), 

provided that (p is true for at least a conditional element x G E (recall that the stable 
hull is defined for non-empty sets). 

By means of the formal set-builder notation for conditional subsets we define the following 
conditional subsets of R: 

:= [r G R ; r > 0], R^“'' := [r G R ; r > 0], R^ := [r G R ; r > O] and R^^ := 

[r G R ; r > O]. 

Given a conditional real number r = rjl we define the conditional inverse as the following 
conditional real number := l(^r=^o){r + 1 (^= 0 ))”^ 11 - 

A conditional set E is said to be conditionally countable if there is a conditionally injective 
function f: E —>■ N; we say that E is conditionally finite if there exists a conditional bijection 
f:E—>-[14; l<k<n] for some n G N (see [SI Definition 2.23]). 

By definition, we know that if (E, +, •) with + : E m E —E and • : R N E —E is a 
conditional vector space, then {E, -I-, •) with + : E x E ^ E and • : x E —>■ E is a L°-module. 
We have the following result which is almost obvious, but will be useful later: 

Proposition 1.2. Let E be a conditional vector space. Let us define the following equivalence 
relation on E x A: {x,a) ~ {y,b) if; <^i^d only if, a = b and laX = IbV- Then, the quotient 
set F := E X A/ ^ is a conditional set of E such that the identity id : E ^ E is a stable 
function when considering E in the left side as the generating set of E and in the right side as 
the generating set of F. Further, F is in fact a conditional vector space and the corresponding 
conditional function id: E ^ F is a conditional ismorphism of conditional vector spaces. 

In addition, we have that E is a stable L'^-module, and for every sequence {xk\ C E and 
partition {ofej G p{l) we have '^Xk\ak = (for both structures of conditional sets E 

and F). 

Proof. The conclusions of the statement follows easily by inspection by taking into account the 
following equivalence 


x\a = y\b if, and only if, a = 6 and laX = Iby. ( 2 ) 

So, let us show (|^. Indeed, we know that for any a G A, we have la = Ijo -I- Oja'^ in L°. 

Then, by using that the scalar product ■ : L^ x E —>■ E is stable, we obtain: 

\aX = (Ija -I- Oja'^) • {x\a x\a^) = 1 • x\a 0 • = x\a Oja'^. (3) 

Similarly, 

162/= J/I^ + OJE. (4) 

Let us suppose x\a = y\b. By 1 of Definition |1.3| we have a = b. Then, in view of ([^ and 
we obtain \aX = IbV- 

Conversely, suppose laX = and a = b. Again, by (§ and we have that x\a Oja'^ = 
laX = lay = y\a Oja'^. Since a = b, it follows x\a = y\b. □ 

In [321 Definition 3.14] it was introduced the notion of conditional seminorm. In this setting 
where A is the measure algebra, we find that a seminorm jj - jj : E —R’*’ dehned on a conditional 
vector space E is a conditional function such that the generating stable function j| • jj : E ^ L*} 
is in fact a L°-seminorm. 

Based on conditional set theory, for a given conditional vector space E and a conditional 
family of conditional seminorms V, we can endow E with a conditional topology as follows: 
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Given a conditionally finite conditional subset F C 7^ on 1. Let us fix r G We define: 

Up.r := [x G E ; || x || < r, V || • || G F] . 

We know from [32] that the conditional set 


Z/f := [x + Up.r ; r € F C 7^ conditionally finite] 

is a conditional topological neighborhood base for a conditionally locally convex topology T. 

For a conditionally locally convex space E[7~], let E[T]* denote —or simply E*—, the 
conditional vector space of conditionally linear and conditionally continuous functions f: E —>■ 
R. We define the conditional weak topology (t(E, E*) on E as the conditionally locally convex 
topology induced by the conditional family of conditional seminorms [p^* ; x* G E*] defined 
by p^. = |x*(x)| for x G E. Analogously, the conditional weak-* topology cr(E*,E) on E* is 
defined. 

We have below the main theorem of this section, which states in terms of equivalence of 
categories the connection between locally L°-convex modules and conditionally locally convex 
spaces. The proof of this result rely on (8] Proposition 3.5], where a connection between 
conditional topologies and classical topologies is provided. 

Theorem 1 . 2 . Let A be the measure algebra associated to some probability space (fl, P); let 
C be the category whose objects are conditionally locally convex spaces with underlying measure 
algebra A, and whose morphisms are conditionally continuous linear applications; and let ^ be 
the category whose objects are locally stable L^{J-)-convex modules, and whose morphisms are 
continuous L'^ {A)-linear functions. 

Let (p : C ^ be the functor defined by 

1. 4>[E\T]) = where E[T] is a conditionally locally convex space, E is the generating 

set of E and 

.A:={Og S{E) ■ OeT}; 

2. and = f for every conditionally continuous linear function f: E ^ F, where f : E ^ 
F is the generating stable function of f. 

Then, (f is well defined and is an eguivalence of categories between C and Tj. 

Moreover, if ^ is a family of L^ {A)-seminorms stably inducing ST, then the conditional 
family of conditional seminorms V := [|| • || ; || • || G ST\ induces T■ 

In addition, we have the following relation 

cP{E[a{E,E*)])=E[a{E,E*),,] and ct>{E*[a{ir, E)]) = E*[a{E*, E),,]. (5) 


Proof. First, let us show that <j) is well defined. Indeed, if E[7^ is a conditionally locally convex 
space, by Proposition 1.2 we know that A is a stable L°-module. Besides, we know from 


[32| that a conditionally locally convex topology is always induced by a family of conditional 
seminorms. Therefore, there exists a conditional topological neighborhood base 77 of 0 G E such 
that every U G 77 is conditionally convex, conditionally absorbent and conditionally balanced. 
In view of [HI Proposition 3.5], the stable collection ^ := {[/ g ^(E) ; U G 77} is a neighborhood 
base of the topology ST = {O ^ 'S'(E) ; O G Tj. Further, every 77 G is stable, L°-convex, 
L°-absorbent and L°-balanced, because U is conditionally convex, conditionally absorbent, and 
conditionally balanced. We conclude that E[ST\ is a locally stable L°-convex module. 

Further, for a given conditionally linear continuous function f : E —F between conditionally 
locally convex spaces, the stable function f : E ^ F is clearly L°-linear. Let us show that / 
is continuous. It suffices to show that / is continuous at 0 G if. Indeed, let V G >S'(F) be an 


II 



open neighborhood of 0 S Since f is conditionally continuous there exists a conditionally 
open set O C E on 1 with 0 S O such that the conditional image f(0) C V and, consequently, 
f{0) C E. 

Now, let us show that (p is an equivalence of categories. Indeed, let us consider the following 
functor Ip : ^ C, which we describe as follows: First, given a locally stable L°-convex 

module E[^], as in Proposition 1.2 we can define an equivalence relation on E x ^ where 
the equivalence class of (cc, a) is given by x\a := {(y, b) G E x A; a = b, laX = Ity}- Due to 
the stability of E, we obtain that the quotient E is a conditional vector space. Let us put 
ip{E[£^]) := E[T], with T := [O ; O G Now, let be a neighborhood base of 0 G E as 
in Theorem o which is a stable collection of stable subsets of E. Then, [51 Proposition 3.5] 
yields that T is a conditional topology and U = \U ■, U G is a conditional neighborhood base 
of 0 G E. Since every U G is L°-convex, we have that each U G is conditionally convex. 
We conclude that E[7^ is a conditionally locally convex space. Second, for each continuous 
L°-linear function f : E —>■ F between locally stable L°-convex modules, we know that / is 
stable, and it therefore generates a conditional function f: E —>■ F between conditionally locally 
convex vector spaces. Thus, we define ip{f) ;= f. It is easy to show that f is conditionally linear 
and conditionally continuous. 

Let us show that the product (pip is naturally equivalent to the identity functor Id^^, and 
ipp to the identity functor Idc- Indeed, first it is clear that pip = Id<^. Second, regarding 
ipp, it is easy to show that the conditional isomorphism provided by Proposition |1.2| defines a 
natural isomorphism between the functors pp and Idc- Therefore, we conclude that and C 
are equivalent categories. 

Now, let us turn to show that if is a family of L°-seminorms stably inducing then 
the conditional family of conditional seminorms V := [|| • || ; || • || € induces T. Indeed, for 
given {ofe} G p(l) and a sequence {|| • ||fc}fcGN in ^ let us define 


ll'^ll{||■IU}:{«4 •= E la, l|a:||fc , for a; G E. 

Inspection shows that l|■||{||•||fc},{afc} • E —>■ is a L°-seminorm. The collection of L°-seminorms 
II • ll{||•||fc},{afc}) with {ofc} G p(l) and {|| • ||fc} C is a stable family of L°-seminorms, which 
defines a conditional family of conditional seminorms V. Then, we claim that 

{U{Fk},{ak},r ; f G {^fe} C ^ hnite for all k G N, {ofe} G p(l)} = , , 

= ; F C E conditionally finite, r > 0 } . 1 

If we prove the above equality, from | 8 l Proposition 3.5], it follows that T is the conditional 
topology induced by V. Indeed, on one hand, let us take {ofc} G p(I), a family {Efc} of 
non-empty finite subsets of ^ and r G L° For each fc G N, let = {|| ■ ||i,..., || • H^^}- 
Now, let us take n := ^ G L°(N) with {uk} G p(l) and {uk} C N, which defines the 

conditional natural number n = n|l G N. For each conditional natural number m < n we 
have that m = J2k la, Si<i<nfc Ifei.fc* ^ L°(N) with {bi^k}i G p{ak) for each A: G N. We define 
I! ■ \\m ■= II • ll{||■||*^},{afcAb^ fc}) which defines a conditional seminorm || • jj^ G V. Now, let us 
consider the conditionally finite subset F := [|| • ; m < n]. Then it can be checked that 

UF,r = 

On the other hand, let us take F IZ E on 1, which is conditionally finite, and r G 
Since F is conditionally finite, it is of the form F=[||-||jjj;m<n] for some n = ^ ^ak^k with 
rifc G N and || • ||^ in V. For each A: G N, let us define the finite set Fk := {H-Hm; G N, m < n^}. 
Then, inspection shows that UF,r = C^{F,},{a,},r- Thereby, we obtain 

Finally, if in particular we consider the families of L°-seminorms a{E,E*) and a{E*,E), 
we obtain © from the following equalities 


a(E,E*) 


; II ■ II G a{E, E*)] and a(E*, E) = [jj • jj ; || • || e (t(E*, E)]. 
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□ 


Now, Theorem 1.2 allows us to deal with locally L*^-convex modules by using the machinery 
of conditional set theory, and, conversely, to draw from L°-theory some existing important 
results (for example [TOl 113 |20l |2T]) to the conditional setting when the underlying boolean 
algebra is a measure algebra. For instance, we have a Fenchel-Morau theorem (see m Theorem 
3.8]) which can be transcribed by using the language of conditional sets. Also, Theorem 1.2 
provides a method to indentify the conditional topological dual E* of a conditionally locally 
convex space E when one know the topological dual E* of the L°-module E. 

We have the following example: 

Example 1.4. For 1 < p < oo, let us consider the locally -convex module L^(£). We can de¬ 
fine the conditional normed space L^{£) '■= ip{LFjr{£)), where x\a := {(y,b); laX = Ity and a = 
b}. Also, the L^-norm |j • ||p defines a conditional norm || • : L^{£) —t , which induces a 
conditional topology. 

For 1 < p < + 00 , if 1 < q < +oo with 1/p -\- 1/q = 1, let us consider the L'^ -isometric 
isomorphism T : L^{£) —> L/p[£), z i—T^. Then, we can consider the conditional isometric 


isomorphism i/{T) = T between conditional normed spaces, which, in view of Theorem 1.2: are 
precisely {L^{£))* and Ljr{£). 


Finally, we would like to highlight that Examples 1 1.1 [ [T^ pTIl Example 2.12], [301 Example 
1 . 1 ], and m Example 2.7] provide L°-modules which, lacking stability in either the algebraic 
or the topological structure, fall outside the scope of conditional set theory in view of Theorem 


1.2 


Therefore it is open up to find an analytic approach to these ’sick’ L°-modules, which 
might eventually be considered as model space for the financial applications. 

Let us see that there is some hope for these boundary examples. Given any locally L^- 
convex module E[£f], we can construct from it a locally stable L°-convex module E[l^], for 
which Theorem |1.2| applies. Indeed, in a first step, in order to guarantee the uniqueness of 
concatenations, let us define the following equivalence relation ~ on E: 

X ^ y whenever lat^: = latJ/ for some {a^} G p(l). 


Now, let us consider the quotient set E. Let us denote by x the class of x. It easy to check 
that the operations x -\-y := x -\-y and Ax = Ax are well defined and E, endowed with this 
operations, is a L°-module. 

In a second step, in order to stabilize the algebraic structure, let us consider the set 


|(xfc,afc) ; {ofc} G p(l), {xfc} C e| 


and the equivalence relation 

{xi,ai) ^ {yj,bj) whenever la,AbjXi = la^Ab^yj for all i, j G N. 

We consider the quotient set E. Let us denote by [xk,ak] the class of {xk,ak). We define 
the operations 


[x^,ai] 1-[yj,bj] = [xi 1-yj,ai Abj], and \[x^,ai] = [\xi,ai\. 

They are well defined and inspection shows that E is a stable E°-module, where 

= [xtakAb'/]. 
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The third step is to stabilize the topology S'. For that, let us consider the application 

TT : E —>■ E, a; I—>■ [a;, 1]. 

Let us take some neighborhood base of 0 € -E, such that each [/ S is L°-convex, 
L°-absorbent and L°-balanced. Then, let 

I ^ lQfc7r(t/fc) ; G for all fc, {ufe} G p(l) 

Ugn 

We have that is a topological basis of some topology S. Moreover, E[^] is a locally 
stable L°-convex, which will be referred to as the stable closure of E[S], and tt : E[S] —>■ E[S] 
is L'^-linear and open; injective whenever there is uniqueness in concatenations; and bijective 
whenever E is stable. 


2 Conditional version of Janies Theorem 


The aim of this section is to prove a conditional James’ compactness theorem in the non linear 
setting discussed in m- In pursuing this goal, we first need some preliminary results. 

Let us first recall the notion of conditional sequence, which was introduced in [S]. Namely, a 
conditional sequence in a conditional set E is a conditional family {xn}ngN of elements of E. If 
{iiklkeN is a conditional sequence in N such that k < implies that nk < nj^, then {Xn^jkgN 
is another conditional sequence which is said to be a conditional subsequence of {x„}. It is not 
difficult to verify that {nk} is conditionally cofinal in the sense that for any n G N there is 
another k G N such that nk > n. 

An important remark is that, for a given traditional sequence {a;„}„gN in E, we can con¬ 
struct a conditional sequence as follows: for any conditional natural number n with n := 
^nfclofc, rife G N and {ofe} G p(I), we can define a stable function from L°(N) to E given by 
Xn ■= for u G L°(N). Then, the associated conditional function dehnes a conditional 

sequence {xn} in E. Moreover, if {a;„^}fcgN is a subsequence of {x„} and we apply the method 
described above for constructing a conditional sequence (xn^lkeN, we obtain a conditional 
subsequence of (xnj. 

Let {x„} be a conditional sequence in R. We define limsup x^ = inf sup x„ and liminf x„ = 

n ™ n>m 

sup inf Xn. So, it can be checked that there exists lim „ x„ = x (with the conditional topology 

m n>m 

of R introduced in (iii) of [HI Definition 4.3]) if, and only if, limsup Xn = x = liminf Xn and 

n 

if, and only if, the sequence {a:n}ngN converges almost surely to x in L°(E). 

Let E be a conditional vector space and two conditionally finite families [x„ ; n < m] C E 
and [rn ; n < m] C R. For some conditional natural number m with m = 
denote by 

rnx„ 

l<n<m 

the conditional real number generated by {j2i<n<mk l®fe- 

Given a conditional sequence {xn}, we have that the partial sums Sm := X]i<n<m define 
a conditional sequence {sm}- Then, we understand an infinite sum of the conditional sequence 
{xnj as the following conditional limit 


n>l 


:= lim Sm- 

m 


14 


Given a conditional sequence {fn} of conditional functions f„ : E —^ R defined on a condi¬ 
tional set E, such that for each x in E, it holds that sup |fn(x)| € R. We define 

neN 


co^.R[fn ; n > 1] := 


rnfn ; {rn} C R+, r„ = 1 

n>l n>l 


Notice that, due to the conditional boundedness of fn(x), we have ^ ^ 

all X in E. 

Given a conditional function f : C — >■ R, we denote the conditional supremum of f on C by 
sup c f •= sup [f(x) ; X S C], 

A key piece of the conditional version of James’ theorem will be the following result, which 
is a generalization of the sup-limsup theorem of Simons [281 Theorem 3]. The proof of this 
result is an adaptation to a conditional setting of the proof of [21 Corollary 10.6] (which also 
relies on Lemma 10.4 and Theorem 10.5 of [3]). For saving space, since this adaptation does 
not have any surprising element, we have omitted the proof. 


Theorem 2.1. [Conditional version of Simons’ sup-limsup theorem] Let E be a conditional 
set, and let {fnln^N be a conditional sequence of conditional functions f„ : E ^ R such that for 
each X G E it holds sup [|/„(a:)| ; n G N\ G R. Suppose that C is a conditional subset of E such 
that for every conditional function g G co^^r [/„ ; n> 1] there exists z G C with g{z) = sup ^g. 
Then, 


r j 


Let see some necessary notions: 


• [8] A conditional sequence {xn} in a conditional normed space (E, jj • jj) is said to be 
Cauchy, if for every r G R’^'*' there exists rip S N such that jj Xp — Xq jj < r for all 

p,q > Ur. 

• [5] A conditional normed space is said to be Banach, if every conditional Cauchy sequence 
converges. 

• Let (E, II • II) be a conditional Banach space, and let {x*} be a conditional sequence in 
E*. We define L{x*} the conditional set of conditional cluster points of {x*} in the 
conditional topology cr(E*,E), i.e. x* G L{x*} if, and only if, for every conditional 
neighborhood U of x* on 1 and every n S N there is x|^ G U with m > n. 

• Let E be a conditional vector space, and let {x„} and {y„} be conditional sequences in 
E. Then, {y„} is said to be a conditional convex block sequence of {xn}, if there exists 
a sequence of conditional natural numbers 1 = rii <112 < ... and a conditional sequence 
{r„} of conditional real number with 0 < rn < 1 for all n G N, in such a way that 

En.<i<„.+1 !■; = 1 and En.<i<n.+1 nxi = yk foreachfcGN. (7) 


For a conditional Banach space E, its conditional dual unit ball Be* is said to be condi¬ 
tionally weakly-* convex block compact provided that each conditional sequence {xn} in 
Be* has a conditionally convex block weakly-* convergent sequence. 

Proposition 2.1. For 1 < p < 00 , || • H^) is a conditional Banach space. 
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Proof. In m, it is shown that the L°-normed module {L^{£), || • |J^||p) is complete in the sense 
that every Cauchy net converges in L^{£). Now, let {x„} be a conditional Cauchy sequence in 
Tfjr{£). Then, we can consider the stable family {a:„}„giO(N). We have that L°(N) is directed 
upwards, and therefore {a:n}nGL°(N) is a net indexed by L°(N). Furthermore, since {xn} is 
conditionally Cauchy, it follows that is Cauchy. Finally, since L^{£) is complete, 

{a;ra}nGL“(N) converges to some xq & L^{£). If follows that [xn] conditionally converges to Xq. 

□ 


Let (E, II • II) be a conditional Banach space. Let us denote E** := (E*)*. For each x G E, 
let us define the conditional function j,;. : E* -> R with jx(x*) = x*(x). Then, in [321 Theorem 
3.5] was proved that j : E —E** with j(x) := j,;. is a conditional isometry, i.e. ||x|| = ||j(x)|| 
for all X G E, which is referred to as natural conditional embedding. 

A conditional version of the classical Eberlein-Smulian theorem was provided in |32l The¬ 
orem 4.7]. A simple variation of this result is the following (the proof is provided in the 
Appendix): 

Theorem 2.2. Let {E, || • ||) be a conditional normed space and let K \Z E be on 1 and condi¬ 
tionally bounded. Let j : E ^ E** be natural conditional embedding, and suppose that 

- a(E‘"’ E") 

j{K) ’ n j{E)^ is on 1. 


Then, there exists a conditional sequence {a;„} in K with a conditional cluster point x** G 
FT* r\ j{E)^ with respect the conditional a{EL*, EL)-topology. 

We have the following result: 

Lemma 2.1. Let {E, || • ||) be a conditional Banach space. Suppose that the conditional dual 
unit ball of E is conditionally weakly-* convex block compact and that K is a conditional subset 
of E on 1 which is conditionally bounded. Then K is conditionally weakly relatively compact 
if, and only if, each conditional sequence {x^} in E* such that lirrinX*^ = 0 with a(E*,E), 

also satisfies that = 0 with a{E*,j{K) ’ ), where j : E E** is the natural 

conditional embedding. 

- —Z -— (7(E**,E*) 

Proof. Let us denote K = j(K) . If K is conditionally weakly relatively compact, 

then C j(E) and, in view of (321 Lemma 4.2], we are done. 

Conversely, let us define 

5:=v{aG A; K"’’'|a C j(E)|a} . 

If 6 = 1, we are done. If not, we can consistently argue on b’^. Thus, we can suppose 6 = 0 
w.l.g. If so. Theorem |2.2| guarantees the existence of a conditional sequence {x„} in K with 
a conditional ct(E**,E*)- cluster point Xq* G E** □ j(E)'^. We can now apply the conditional 
version of the separation Hahn-Banach theorem (see |S1 Theorem 5.5]) to obtain x*** G Be*»* 
such that 

x***(xq*) G [0]'- and x***(j(x)) = 0 for all x G E. (8) 

For n G N, let us define the conditional set 


U„ := 


G E* 


2i***(j(xk)) < — for all k G N with k < n 


Then [Un ; n G N] is a conditional neighborhood base of 0 G E*** 
topology (t(E***, [x^*, j(x„) ; n G N]). 


for the conditional 
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Now, the conditional version of Goldstine’s theorem (see Theorem 3.6]) claims that 
j*(BE*) is conditionally cr(E***,E**)-dense in Be*** (where j* : E* —)■ E*** is the natural 
conditional embedding of E*). In particular, for each n S N there exists x* G Be* with 
j*(x*) e U„. For an arbitrary n S N with n = J^/^nkjak, we define x* := 

Then, we obtain a conditional sequence {x* } in Be* such that 

a(E*-,[x5*,j(x„); nGN])-limr(x;)=x-N (9) 

n 

Since Be* is conditionally convex block (t(E*, E)-compact, there exists a conditionally con¬ 
vex block compact sequence {yn} of {x*} and Xq G Be* such that cr(E*,E) — lininyn = Xg. 

Then, by assumption, we have ct(E*,K'^ ) — lininy* = Xg, and so 

a(E”*,[xS*J(x„); nGN])-limr(y*)=r(x5). (10) 

n 

Finally, it follows from (|^, Q and ( [To| 

xS*(^*o) = lim xr(y;) = lim x5*(x;) = x***(xS*) G [0]^, 

n n 

but for each k G N, 


Xo(xk) = lim y*(xk) = lim x*(xk) = x***(j(xk)) = 0, 

n n 

which is a contradiction, because xj* is a conditional cr(E**, E*)-cluster point of {x„}. □ 

Theorem 2.3. [Conditional and unbounded version of Rainwater-Simons’ theorem] Let [E, || • || 
he a conditional normed space and let C, B be conditional subsets of EL on 1 with B \Z C. Sup¬ 
pose that {xn} is a conditionally bounded sequence in E such that 

for every x G cOg. ^ [a:„] there exists b* G B with b*{x) = sup [a;* (a:) ; x* G C\, 


then, 

sup limsup x*{xn) = sup limsup x*{xn). 

X* GB n x*£C n 

As a consequence, if there exists a conditional sequence {2/„} such that a{E, C) — lirriny^ = 0 
and so that 

for every x G co„ r [a;„ -h t/„] U co,y R [-a:„ -t y„] 
there exists b* G B with b* {x) = sup [a;*(a;) ; x* G C\, 

then 

a{E, B) — limXn — 0 implies <j{E, C) — limXn — 0. 

n n 

Proof. First part is a consequence of Theorem |2.1| 

For the second part, let us fix x* G C, then 


limsup X* (xn) = limsup x* (xn -I- y„) < (t(E, B) — lim (xn -|- y^) = (t(E, B) — lim x„ = 0. 

n n n « 

On the other hand, 

liminf x*(xn) = — limsup x*(—x„) = — limsup [x*(—Xn -|- y„)] > 

n n n 

> cr(E, B) — lim (xn — y^i) = cr(E, B) — limXn = 0. 

n n 

Then, lim „ x*(xn) = 0, and, since x* is arbitrary, we conclude that (t(E, C) — limx„ = 0. □ 
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Let us introduce some terminology: 

Definition 2.1. Let E be a conditional vector space. The conditional effective domain of a 
conditional function f : E ^ R is denoted by dom{f) := [x ; f[x) S R], The conditional 
epigraph of f is denoted by epi{f) := [{x, r) G E m R \ f[x) < r]. The conditional function f is 
said to be proper if f{x) > —oo for all xG E and there exists some x G dom[f). 

Theorem 2.4. [Conditional unbounded version of James’ Theorem] Let {E, || • ||) be a condi¬ 
tional Banach space such that its conditional dual unit ball Be* is conditionally ui*-convex block 
compact and let f : E ^ R be a conditionally proper function such that 


for all X* G E*, there is a *0 S so that x*{xq) — f{xp) = sup [a;*(a;) — f{x) ; x G E], 

then for every conditional real number y, the conditional sublevel set Vf{y) := [z; f{z) < y] is 
conditionally weakly relatively compact. 

Proof. Let us fix a conditional real number y^. Let us put K := Vf(yQ). Suppose that K is on 
a. If a = 0, we are done. If o > 0, we can suppose a = 1 by consistently arguing on a. 

The conditional uniform boundedness principle ( [321 Theorem 3.4]) and the optimization 
assumption on f imply that K is conditionally bounded. In order to obtain the conditional 
relative weak compactness of K we apply Lemma 2.1 Thus, let us consider a conditional 
sequence {x*} in E* such that (t(E*,E) — limnX* = 0 and let us show that (t(E*,K'^ ) — 
lim n X* = 0. 

Let us fix (x*,l) € E* N R~’ . By assumption, we have Xq G E such that 
x*(xo)r^ - f(xo) = sup [x*(x)r^ - f(x) ; X G E] . 

T , J n T, -/J-X =cr(E''*MR,E*xiR) 

Let us define B := epi(f) C C := B 
We claim that 


sup [((x*, 1), (x, y)) ; (x, y) G B] = ((x*, 1), (xq, f(xo))), 

where ((x*, 1), (x, y)) := x*(x) + ly for (x*, 1, x, y) G E* m R N E N R. 

Indeed, define z* := x*/l. Then, 

sup [((x*,l),(x,y)) ; (x,y) G B} <-1 sup (z*(x)-y)< 

(x,y)6epi(g) 


< —1 sup (z*(x) — f(x)) < —Isup (z*(x) — f(x)) = 

xGdom{f) xGE 

= -l(z*(xo) - f(xo)) = x*(xo) + If(xo). 

Note that Xg G dom(f) as f is conditionally proper. 

Moreover, since ((x*, 1), •) : E** n R —> R is conditionally a{E** n R, E* m R)-continuous, 
it holds 


sup [((x*,l), (x,y)) ; (x,y) G C] = 

= sup [((x*,l),(x,y)) ; (x,y) G B] = x*(xo) + lf(xo). 


Now, let us consider the conditionally bounded sequence 




in E* M R. 
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It is clear that cr(E* n R, B) — limn(x*,0) = 0 and cr(E* n R, C) — lim„(0,—) = 0. 


Then, in view of Theorem 2.3 we obtain 

cr(E* N R, C) - lim (x^, 0) = 0, 


and, since K n [0] C C, it follows that (t(E* , K ) — lim „ x* = 0, and the proof is complete. 

□ 


Finally, as a consequence of theorem above we show a conditional version of the classical 
James’ compactness Theorem —no conditional function is involved— for conditional Banach 
spaces with conditionally a;*-convex block compact dual unit ball. 


Theorem 2.5. [Conditional version of James’ Theorem] Let {E, || • ||) be a conditional Banach 
space such that its conditional dual unit hall Be’‘ is conditionally uj*- convex block compact and let 
K he on 1, conditionally weakly closed subset of E. The conditional set K is conditionally weakly 
compact if, and only if, for each x* € E* there is Xq € K such that x*(xq) = sup 


Proof. Let K be on 1 and conditionally weakly compact. For each x* G E*, due to Proposition 
3.26 of [5], we know that x*(K) is a conditionally compact subset of R. Therefore, by the 
conditional version of the Heine-Borel theorem (see [53J Theorem 5.5.8]), x*(K) is conditionally 
closed and bounded. From this fact, it can be showed that x* attains a conditional maximum 

on K. 

For the converse, let us consider the conditional function f : E —)■ R defined as follows: For 
X G E we define the stable function f{x) := 1|6 + with b := V {a G A] x\a G K}. Then, 
Vf(l) = K and f satisfies the hypothesis of Theorem 2.4 We conclude that K is conditionally 
weakly compact. □ 


The following example exhibits how the latter result applies: 

Example 2.1. Let (r2,£,P) be a probability space and J- C £ a suh-a-algebra. Let us define 
’Pjr := {<5 <C P; = P|j='}- This set defines a conditional set. Indeed, for a G A and 

Q G Vjr we define Q\a := Q{-\A), where A is some representative of the equivalence class a 
(note that the definition does not depend on the choice of A). For a given countable family 
{Qk} in Vjr and {ak} G p(l) we take J2kQic\o-k ■= J2kQk{-\J^k)Qk{Ak) where Ak G F is a 
representative of Ok (again there is no dependence on representatives). An easy verification 
shows that Qk\ak G 'Pjr. 

Let us take a stable subset S ofVjr. 

It can he shown by inspection that the set of Radon-Nykodim derivatives QgS'| 

is a stable subset of L)r{£). Let us suppose that K is conditionally bounded and weakly closed. 
Then we claim that, for each x G L°°{£), the supremum 


ess. sup {EQ[a;|J^] ; Q G S'} 


( 11 ) 


is attained if, and only if, K is conditionally weakly compact. 

For each Q G Vjr we have EQ[a;|J^] = Ep[a:^|J^]. Thus we have the following equality: 

{Eq[x| J-] ; Q G S} = {Ep [xy\F] ; y G K} . (12) 


Besides, for Q G Vjr we have E] 
Also 


= 1 . 


- dr I 


This means that K is also conditionally bounded, 
by Example 1.). we know that (i}r(S))* = L' 

convex block compact unit ball. 
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'jr{£). Further, we will show in Lemma 


2.3 that L'^[£) has conditionally oj 


we conclude that for each x G 
conditionally weakly compact. 


L^{£), the supremum 


Then, by Corollary 2.5 
is attained if, and only if, K is 
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Finally, since every x €L¥(£) is of the form x = yxQ with y G L'^(F) and xg G L°°(£), it 
follows that the supremum (11) is attained for every x G L°°{£) if, and only if, K is conditionally 
weakly compact. 


2.1 An application to conditional risk measures 


In what follows we will show an application of the conditional Janies’ compactness theorem. 
Namely, we will obtain a conditional version of the so-called Jouini-Schachermayer-Touzi theo¬ 
rem for convex risk measures in a conditional setting. For this purpose, it is important to keep 
in mind the duality relation shown in Example 1.4 Hereafter, we fix (f2,£’,P) a probability 


space and F a sub-u-algebra of £. Since F,£ are fixed, throughout we will use the notation 

:=L^(£:). 

We will study the following type of risk measures, which are defined in the classical setting: 


Definition 2.2. A function p : {£) -G L^{F) is called a convex risk measure if p is : 

1. monotone, i.e. if x < y then p(x) > p{y); 

2. LP{F)-eash invariant, i.e. if {r],x) G L^{F) x {£), then p(x + rj) = p{x) — rj; 

3. convex, i.e. p{rx -I- (1 — r)y) < rp[x) -I- (1 — r)p{y) for all r G M. with 0 < r < 1 and 

x,yGL^ {£). 

Its Fenchel conjugate is defined by: 


p*{y) := ess.sup{Ep[a:?/|J'] - p{x) ; x G Lf{£)} for y G L]r{£). 


Filipovic et al. nni proposed to study risk measures that are L°(J^)-convex. We would like 
to emphasize that we are considering the weaker assumption of convexity in the traditional 
sense. Nevertheless, we have the following result: 

Lemma 2.2. Any convex risk measure p : L^{£) -G L^{F) generates a conditional function 
p : -G R, which is: 

1. conditionally monotone, i.e. if x<y then p{x) > p{y); 

2. conditionally cash invariant, i.e. if (r, x) G R , then p(x+ r) = p{x) — r; 

3. conditionally convex, i.e. p{rx+ {1 — r)y) < rp{x) + {1 — r)p{y) for all r G R with 
0 < r < 1 and x,yG L°°; 

4-. conditionally Lipschitz continuous, i.e. \p{x) — p{y)\ < ||a;— y\\oo, for all x,y G L°°. 

Moreover, p* : L>(£) ^ L^{F) is also stable and generates a conditional function p* : 
-G R, which satisfies: 

p*{y) := sup [Ep[a;i/| J"] - p{x) ; x G L°°] for y G L^. 

Proof. Let us start by showing that 


\p{x)- p{y)\ < ||a:-y|J'||oo, for x,y G Lf{£). 


(13) 


Indeed, A x,y G L^{£), it is clear that x < y + \\x 
cash-invariance it follows that p{y) — p{x) < ||x — y\F\\c 
obtain (fl^. 


?/|J^||oo- Then, by monotonicity and 
By reversing the roles of x and y, we 
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Now, for a G J-, (131 yields that 


\laP{x) - laP(laa:)| < 1 q||x - laX\F\\oo = 0. 

This means that p is stable. Therefore, it generates a conditional function p : —>■ R, which 

clearly satisfies 1, 2, and 4. 

Let us prove 3. Indeed, fix x, y G L°° and r S R with 0 < r < 1. Suppose first that 
r G s(IR). In this case, the result follows because p is convex and stable. Now, suppose that 
r is arbitrary. Let H := {hi, ft. 2 , ■•■} be a countable dense subset of K. For a fixed n S N, let 
us define ai := (r < hi < r + and Ok '■= (r < hk < r + ^) — for k > 1. Then, 

{ofe} G p(l), and we can define a r„ := hkjak) A I. Now, for arbitrary n S N of the 

form n = ni\ai let us put := Xi\ai. Then {r„} is a conditional sequence in s(K) with 

0 < Tn < 1, thus 

p(r„x + (1 - rn)y) < r„p(x) + (1 - r„)p(y). 

From 4 we know that p is conditionally continuous. Then, since limnrn = r, we obtain 
the result by taking conditional limits. 

Finally, let us note that p* : L^{S) —>■ is also stable (because the conditional expec¬ 
tation is). Therefore, it defines a conditional function p* : R, and 

P*{y) ■= sup [Ep[xy| J'] - p(x) ; x S L°°] for y e L\ 

because the conditional order of R is defined in terms of the partial order of (see remarks 

after [8l Definition 2.15]). □ 

A conditional function p : L°° —>■ R fulfilling the conditions 1, 2 and 3 above is a conditional 
convex risk measure. In fact, it is the natural extension to the setting of conditional sets of the 
classical notion of convex risk measure. 

Two well-known notions for static convex risk measures are the so-called Fatou and Lebesgue 
properties. Namely, a (static) convex risk measure p : L°° —)■ M is said to have the Fatou 
property if for every bounded sequence {xn} in L°° which converges a.s to x it follows that 
p{x) < liminf p(xn). If it also happens that limp(x„) = p(x), then p has the Lebesgue property. 

We now want to introduce a conditional version for these properties. For this purpose, let 
us define a conditionally partial order in L°°. Namely, for given x,y € L°° we write x < y 
conditionally almost surely x < y almost surely. This conditional order allows to define the 
following notions: 

• If {x„} is a conditional sequence in L°°, we define 

liminf Xn = sup inf x„ (resp. limsupxn = inf supXn). 

n mGN n mGN „>„i 


• A conditional sequence {xn} in L°° is said to conditionally converge almost surely to x if 

liminf Xn = limsupXn. 

n n 

• A conditional convex risk measure p : > R is said to have the conditional Fatou 

property if for every conditionally bounded sequence {xn} in L°° which conditionally 
converges a. s. to x it holds that p(x) < liminfp(xn). 

n 

• A conditional convex risk measure p : L°° —>■ R is said to have the conditional Lebesgue 
property if for every conditionally bounded sequence {xn} in L°° which conditionally 
converges a. s. to x it holds that limnp(xn) = p(x). 
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Remark 2.1. Note that no conditional topology is involved for the conditional almost sure 
convergence defined above. 

Let {xn} be a sequence in L^[£), and let us construct from it the conditional sequence {a:„}. 
Then, inspection shows that liminfxn = (ess. liminf a:Ti)|l and limsupXn = (ess. limsupa;„)|l. 

n n n 

This means that {xn} converges a.s. to x if, and only if, {x„} conditionally converges a. s. to 

X. 


We have the following result: 

Proposition 2.2. Let p : L^{£) L°{T) be a convex risk measure, then the following are 

equivalent: 

1- pIl~(£) : (£) —)■ L^(iF) has the Fatou property, i.e. for every bounded sequence {a;„} C 

L°°{£) such that lima;„ = x a.s. it holds that p(x) < ess. liminf p(a:„) (resp. Lebesgue 

n 

property, i.e. for every bounded sequence {xn} C L°°{£) such that limx„ = x a.s. it holds 
that p{x) = \\Tap{Xn)); 

n 

2. p : L°° —)■ R has the conditional Fatou property (resp. conditional Lebesgue property). 


Proof. Let us give the proof for the Fatou property. The Lebesgue property is similar. 

2 => 1 : Let {xn} be a bounded sequence of L°°{£), which converges a.s. to x. It defines a 
conditional sequence {xn} in L°° which is conditionally bounded and conditionally converges 
a.s. to X. Then, having p the conditional Fatou property it happens that p(x) < liminfp(Xn). 

n 

But, it means that p(x) < ess. liminf p{xn)- 

n 

1^2: Let {xn} be a conditionally bounded sequence which conditionally converges a.s. to 
X. Then, we have that —>■ a; a.s. and there exists rj G L^{F) with \xn\ < f] for every n S N. 

For each A: G N, let us define Ofc := (fc — 1 < 77 < k). Then {ofc} G p(l) and lla^a^nl < 
^akV ^ ^ for every fc G N. Therefore, since po fias the Fatou property, we see that la^,p(iakX) < 
ess. liminf p^la^Xn)- Besides, p is stable, hence 1 q^p(x) < \a^, ess. liminf p{xn), which yields 
that p{x) < ess.liminf p{xn). □ 

We have the following result: 

Theorem 2.6. Suppose that p : L'^(£) -G LP(F) is a convex risk measure. Then the following 
conditions are equivalent: 

1. p can be represented by the Fenchel conjugate p*, i.e, for x GL^{£) 

p{x) = ess. sup {Ep [xy \ F] - p*{y) ; y G L^(£’),y < 0,E[y | = _i} ; (14) 


2. has the Fatou property; 

3. p has the conditional Fatou property; 


4-. the level set Vdp) := {x G L'^{£) ; p{x) < c} is a{L'^{£), L)r{£))-closed; 

5. the conditional level set Vc(p) := [a; G ; p{x) < c] is conditionally a{L^, L^)-closed. 


Proof. We follow the line l<;4>2<t^3^4^5=^>3. 

1 2: It is an easy consequence of [71 Theorem 1] and m Theorem 4.4], by just noting 
that we can suppose w.l.g. that p(0) = 0 and, in view of 4 of Lemma 2.2 we have p{L°°{£)) C 
L°^{F). 

2 3: it is just Proposition |2.2| 
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1 

4 

a{Lf 

5 

to X. 


=4> 4: it is clear. 

=4> 5: The topology in duce d by a{L 
{S ), L]fr{S )). Theorem 


1.2 


{£) 

yields the result. 


LW))c 


is finer than the topology induced by 


^ 3: Let {xn} be a conditionally bounded sequence which conditionally converges a.s. 
Let us define a := liminfp(x„). Due to the conditional version of Eberlein-Smulian 

_ n 

theorem (see |321 Theorem 4.7]) and by taking a conditional subsequence, if necessary, we can 
suppose that p(x„) conditionally converges to a. Further, by cash invariance, we know that 
the conditional sequence {z„}, with z„ := p(xn) — x^, is a conditional sequence in Vo(p). 
Therefore, since Vo(p) is conditionally ct(L°°, L^)-closed, by cash invariance, it suffices to show 
that {zn} conditionally weakly-* converges to z := a —x. Indeed, let us take xi G and let us 
show that lim„Ep[xiZ„|J'] = z. We can suppose xi > 0 and Ep[xi|J'] = 1 w.l.g. This allows 
us to choose a probability measure Q G Vjr with xi = ^. 

we know that {Zn} converges a.s. to z. By the theorem of 


Now, in view of remark 2.1 


dominated convergence for conditional expectations, we obtain Eq[z„|J^] converges a.s. to z. 
Consequently, the conditional sequence Eq[z„|J'] conditionally converges to z, and the result 
follows. □ 


Below, we state the extension of the Jouini-Schachermayer-Touzi theorem: 

Theorem 2.7. Suppose p : L'^{£) -G L°(.F) is a convex risk measure such that p|l“(£) has 
the Fatou property, and put: 

pl{y) := ess. sup{Ep[a:y|J'] - po{x) ; x G L°°{£)) for y G L^(£) 


with pq := p\l’^(£). The following statements are equivalent: 

1. The conditional set Vp*{c) := [y G ; p*{y) < c] is conditionally a {L^ , compact 
for all c G R; 

2. po has the Lebesgue property; 

3. p has the conditional Lebesgue property; 

4-. for every x G L°°{£) there is y G L^{£) with y < 0 and Ep[?/|J^] = —1 such that p{x) = 
Ep[xy\F] - pliij); 

5. For every x G L^{£) there is y G L^jr{£) with y < 0 and Ep[y|J^] = —1 such that 
p{x) = Ep[a;j/|J'] - p*{y). 


Before proving the main result, we need some preliminary results. 

Proposition 2.3. The conditional set L°° is conditionally dense in with respect the condi¬ 
tional norm topology. 

Proof. Indeed, let us choose x = a:|l S L^. Since a; = — a;“, we can assume w.l.g. that 
a; > 0. Let us choose some sequence {x„} in L°°{£) such that Xn x a.s. Then, by monotone 
convergence we have Ep[x„ — x\F\ 0. If we construct the conditional sequence {x„} C L°°, 
it follows that limn II — x ||^^ = 0. □ 


Lemma 2.3. The conditional unit hall of L°° is conditionally weakly-* sequentially compact 


2.3 


Proof. In view of Proposition 
that = spanBL 2 , where Bl 

version of Amir-Lindenstrauss (see [35 

of (L^)* = is conditionally weakly-* sequentially compact. 


we have that is conditionally dense in L^. This mean 
is the conditional unit ball of L^. By the conditional 
Theorem 4.8]), it follows that the conditional unit ball 

□ 
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A similar result is proved in Lemma 2 of |26j : 

Lemma 2.4. Let {j/n} be a sequence in L^{iF) such that ess. limsup„ ?/„ = y. Suppose that, 
for any n G L°(N) of the form n = J2k ^a^nk, we define yn ■= J2k ^akUn^- Then, there is a 
sequence ni < n 2 < ... in L°(N), such that the sequence converges a.s to y. 

The following results is a plain adaptation of results from m to the present setting (see 
Lemma 2.16, Proposition 3.3 and Proposition 3.5). 

Lemma 2.5. The following properties hold: 

1. s{L^i£)) = Lf{£). 

2. Let p : R be a conditional convex risk measure. Then, for y G L^{£) 

p*{y) = ess. sup {Ep[a;y| J"] - p{x) ; x G L°°{£)} . 


Now, let us turn to prove the main theorem. 


Proof. We will follow the line 

3 2 is just Proposition |2.2| 

2 => A: We shall use a method similar to the scalarization technique used by Deflefsen 
and Scandolo in the proof of a => c in [71 Theorem 1]. First, we can assume, by applying a 
translation if necessary, that p(0) = 0. If so, for x G L°°{£), due to 4 of Lemma 2.2 we have 
that |p(a;)| < HxIJ'lloo < Ikiloo, hence p(L°°(£’)) C L°^{T). 

Let us fix a; G L°°{£) and put po = p\L°°(e)- Since p{x) > Ep[a;j/|J"] —Pq(?/) for all y G L^{£), 
it suffices to show that there exists y G L^{£), with y < 0 and Ep[y|J^] = —1, such that 


Ep[p(a;)] = EplEplxylJ"] - Po(y)]. 


(15) 


Let us take p' : L°°{£) —>• K, where p'(x) := Ep[p(a:)] for each x G L°°{£), which is a 
convex risk measure. Moreover, we claim that p' has the Lebesgue property. Indeed, given a 
bounded sequence {xn} C L°°{£) which converges a.s. to x, having po the Lebesgue property. 


it holds that lim„ po{Xn) = Po{x). Further, due to 4 of Lemma of 2.2 we have that {po(x„)} is 


bounded. Thus, by dominated convergence, we conclude that lim„ p'(x„) = p'{x). Now, by the 
original Jouini-Schachermayer-Touzi Theorem, it follows that p'{x) = Ep[xy] — {p')*{y) for some 
y G L^{£) with y < 0 and Ep[y] = —1, where ip')*{y) = sup{Ep[xy] — p'{x) ; x G L°°(£)}. 

Furthermore, we claim that Ep[y|J^] = —1. Arguing by way of contradiction, suppose for 
instance that a := (EplylJ"] > —1) has positive probability. If so, for fixed A G K'*', we have 


{p')*{y) > Ep[laAy] - p'(Ala) = A (Ep[lay] + P(a)) = AEp [!„ (Ep[y| J"] + 1)]. 


But this is impossible, since A is arbitrarily large and (p')*(y) < +oo. 

In addition, by using the same techniques as in [71 Theorem 1], we can obtain that Ep[pg(y)] = 
(p')*(y). Therefore, we finally have 

Ep[Ep[xy| J'] - Po(y)] = Ep[xy] - {p')*{y) = p'{y) = Ep[p(x)]. 


4^2: We will use the same reduction trick again. Let {x„} be a bounded sequence 
in L°°{£) such that x„ converges a.s. to x. Since p has the Fatou property, we have that 
p(x) < ess. liminf p(x„). It suffices to show that p(x) > ess. hmsupp(x„). Let us argue to get 

n 

contradiction. Suppose that there exists a G A, a 7 ^ 0 such that p(x) < ess. limsupp(x„) on a. 

n 
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We can assume a = 1 w.l.g. Then, let us consider p'{x) := Ep[p(a;)] for x S L°°{£). Thereby, 
we have 

p'{x) < Ep[ess. limsup p(a;„)]. 


Due to Lemma 2.4 we can construct a bounded sequence {zn} in a such a way that 
lim„ p{zn) = ess. limsup p(a:„), and which converges a.s to x. Then, by dominated convergence, 

n 

we obtain 

limEp[p{z„)] = Ep[limp(z„)] = Ep[ess.limsupp(a:„)] > p\x). (16) 


But, on the other hand, by assumption we have that, for each x G L°°{£), there isy G L^{£) 
with y <0 and Ep[ 2 /|J'] = -1, such that p'{x) = Ep[Ep[xj/| J"] - Poiy)] = Ep[x 2 /] - Ep[p5(j/)] = 
Ep[a;2/] — {p')*{y)- Also, by dominated convergence, we obtain p' has the Fatou property. In 
view of the original Jouini-Schachermayer-Touzi Theorem, it follows that p' has the Lebesgue 
property. Hence, lim„ Ep[p( 2 : „)] = p'{x), which is a contradiction, in view of (16). 

4 ^ 5 : By 2 of Lemma 2.5 it holds that p*{y) = Po(y) for all y G L^{£)- Now, let us 
fix a; G L^{£). Due to 1 of Lemma 2.5 with have that x = with Xk G L°°{£) and 

{ofc} G p(l). By assumption, we can choose y G L^{£) satisfying 4. Thereby, by using the fact 
that p is stable, we have 


pix) = (Ep[xky\J^] - pl{y)) = Ep[xy\T] - p*(p). 


5 4 : For given x G L°°{£), by assumption there exists y G L^jr{£) satisfying 5, which is of 

the form y = with G and yi G L^{£)- It follows that —1 = Ep[?/|J^] = hence 

yGL\£). 

5^1: Due to Lemma 2.3 we know that the conditional unit ball of is conditionally 
weakly-* sequentially compact, in particular, it is conditionally weakly convex block compact, 
tells us that Vp. (c) is conditionally weakly compact. 

Since p\L°°{e} has the Fatou property, due to Theorem 


2.4 


Then, Theorem 

1 5: Let us fix x G L 

have that 


2.6 


we 


p(x) = sup [Ep[xy|J'] - P*(y) ; y < 0,Ep[y|J'] = -1]. 


Thus, we can take a conditional sequence {y„}n in with y„ < 0 and E [y^^ | = — 1 for each 

n G N, such that p(x) = lim (Ep[xy„|J^] — p*(yn)). This means that the conditional sequence 
{P*(yn)} is conditionally bounded, and we therefore have {y„} C Vp.(c), for some c G R^. 
Then, the conditional weak compactness and the conditional Eberlein-Smulian theorem (see [321 
Theorem 4.7]) allows us to suppose that {yn} conditionally weakly converges to some y G 
with y < 0 and E [y | J^] = —1. Consequently, we have liminfn p*(yjj) > p*(y). Thus, we 
finally have p(x) = lim (Ep[xy„|^^(-^^(yn)) = Ep[xy| J'j-liminfn p*(y„) < Ep[xy| J']-p*(y), 
which means that p(x) = Ep[xy|J^] — p*(x). □ 


A Appendix 

Let us prove Theorem |2.2| First, we need to prove some preliminary results: 

Lemma A.l. Let {xn} be a conditional sequence in a conditional set E. Suppose that the 

conditional subset [a;„ ] n G N\ is conditionally finite, then there exists some x G E such that 

for every m G N there is n> m such that a;„ = x. 

Proof. Let us put [Xj,; n G N] = [z„ ; 1 < k < m], and for each k G N with 1 < k < m, let us 

define 

Ik := m2ix [n G N ; x„ = Zk] G N U [-koo]. 
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We claim that 1 := max Ik = +oo. Indeed, let us suppose l\a S N for some a G A, a ^ 0. We 

l<k<m 

can assume a = 1 w.l.g. Then, for p > 1 we have that Xp G [zk ; 1 < k < m]; and therefore, 
Xp = Zk for some 1 < k < m. But necessarily p < Ik < 1, a contradiction. 

Further, since the conditional maximum of a conditionally finite set is attained, we have 
Ik = 1 = oo for some 1 < k < m. It suffices to take x := Zk- □ 

Proposition A.l. Let (JC,7~) be a conditionally compact topological space, then every condi¬ 
tional sequence has a conditional cluster point. 

Proof. Let {xn} be a conditional sequence in X. Let 

a :=V {b G A; {xn}|6 has a conditional cluster point in X|6} . 


Arguing by way of contradiction, let us suppose a < 1. We can assume a = 0 w.l.g. If so, due 
to Lemma A.l {x„}|6 is not conditionally finite for every b G A, b 0. Then, we claim that, 
for each x G E, there exists Ox G T such that 


Ox n [xn] = Fx, where Ex is conditionally finite (not necessarily on 1). 
Indeed, let us fix x G X and let us put 


b := V {a G A ] 30 G T, x G O, [Xn]|a □ 0|a is conditionally finite} . 


Note that b is attained. Besides, we have that 6=1; otherwise, we would have that for each 
O G T with X G O, max [n ; x„ G O] = +oo on 6“, and x|6'^ would be a conditional cluster 
point of [xn]|6°. 

Now, for each conditionally finite subset F of [xn] (not necessarily on 1), including [xn]|0, 
let 


Of := int ([x„]'- U F) . 


We have that Ox C Op,,, hence [Op ; F conditionally finite] is a conditional open covering of 
X, which is conditionally compact. Thus, there exists a conditionally finite collection [Fk ; 1 < 
k < m] of conditionally finite subsets of N such that 


X = 


u Of^ = u 

l<k<m l<k<r 


([X„]'= U Fk) = [Xn]'= U 


l<k<r 


But this means that 


c u Fk, 

l<k<m 


which is a contradiction, because [x^] is not conditionally finite. 


□ 


Finally, let us prove Theorem |2.2| 

Proof. Let x** G E** □ j(E)'^. The strategy of the proof of [32 Theorem 4.7] allows us to 
construct conditional sequences {x„} in K; {x*} in E*; and {nk} in N, which is conditionally 
increasing, so that 


II y“ II 

2 


<sup[ly**(x*)l; nGN], 


for all y** G [x* 


n G N]" 


(17) 


lx**(x*) - x*(xk)l <5 for all 1 < n < nk. 

On the other hand, the conditional Banach-Alaoglu Theorem (see jS] T heor em 5.10]) 
that j(K) is conditionally weakly-* compact. In view of Proposition A.l {j(xn)} 


conditional weak-* cluster point Xq* G j(K) . Let us show that Xq* = x* 


(18) 
yields 
has a 
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Due to ( [TtI , it follows 


- II X- - xr II < sup [|x”(x;) - xr (x;)| ; n e N], 

Now, for fixed n G N, let us take p with n < Up and fix some k with p < k. It holds 


(19) 


|x**(x;) - x3*(x;)| < |x**(x;) - x;(xk)| + |x;(xk) - x(;*(x;)| < - + |x;(xk) - x5*(x;)|. 


Given that Xq* is a conditional a;*-cluster point of {j(xnU, we can choose k so that |xj,(xk) — 

□ 


Xg*(x*)| < i. Finally, since p G N arbitrary, in view of (19), we conclude that Xg* = x 


References 

[1] P. Artzner, F. Delbaen, J.-M. Eber, D. Heath, Coherent risk measures. Math. Finance 9 
(1999) 203-228. 

[2] J. Bion-Nadal, Time consistent dynamic risk processes. Stochastic Process. Appl. 119(2) 
(2009) 633-654. 

[3] B. Cascales, J. Orihuela, M. Ruiz Galan, Compactness, optimality, and risk, in: Computa¬ 
tional and Analytical Mathematics, Springer, New York, 2013, pp. 161-218. 

[4] F. Delbaen, Coherent risk measures on general probability spaces, in: K. Sandmann, P. J. 
SchoLonbucher (Eds.), Advances in Finance and Stochastics, Springer, Berlin, 2002, pp. 
1-37. 

[5] F. Delbaen, Differentiability properties of utility functions, in: F. Delbaen, et al. (Eds.), 
Optimality and Risk-Modern Trends in Mathematical Finance, Springer, 2009, pp. 39-48. 

[6] F. Delbaen, Monetary utility functions, Osaka University Press, Osaka, 2012. 

[7] K. Detlefsen, G. Scandolo, Conditional and dynamic convex risk measures. Finance Stoch. 
9(4) (2005) 539-561. 

[8] S. Drapeau, A. Jamneshan, M. Karliczek, M. Kupper, The algebra of conditional sets and 
the concepts of conditional topology and compactness, J. Math. Anal. Appl. 437(1) (2016) 
561-589. 

[9] K. T. Eisele, S. Taieb, Weak topologies for modules over rings of bounded random variables, 
J. Math. Anal. Appl. 421(2) (2015) 1334-1357. 

[10] D. Filipovic, M. Kupper, N. Vogelpoth, Separation and duality in locally L°-convex mod¬ 
ules, J. Funct. Anal. (2009) 256(12) 3996-4029. 

[11] D. Filipovic, M. Kupper, N. Vogelpoth, Approaches to conditional risk, SIAM J. Financial 
Math. 3(1) (2012) 402-432. 

[12] H. Follmer, A. Schied, Convex measures of risk and trading constraints. Finance Stoch. 
6(4) (2002) 429-447. 

[13] H. Follmer, A. Schied, Robust preferences and convex measures of risk, in: K. Sandmann, 
P. J. SchoLonbucher (Eds.), Advances in Finance and Stochastics, Springer, Berlin, 2002, 
pp. 39-56. 


27 



[14] H. Follmer, A. Schied, Stochastic finance. An introduction in discrete time, 3rd edition, 
Walter de Gruyter, 2011. 

[15] M. Fritelli, E. Gianin, Putting order in risk measures, J. Banking Finance, 26 (2002) 
1473-1486. 

[16] T. Guo, The relation of Banach-Alaoglu theorem and Banach-Bourbaki-Kakutani-Smulian 
theorem in complete random normed modules to stratification structure, Sci China Ser A. 
51(9) 1651-1663 (2008). 

[17] T. Guo, Relations between some basic results derived from two kinds of topologies for a 
random locally convex module, J. Funct. Anal. 258(9) 3024-3047 (2010). 

[18] T. Guo, X. Chen, Random duality, Sci China Ser A. 52(10) 2084-2098 (2009). 

[19] T. Guo, S. Zhao, X. Zeng, The relations among the three kinds of conditional risk measures, 
Sci China Ser A. 57(8) (2014) 1753-1764. 

[20] T. Guo, S. Zhao, X. Zeng, Random convex analysis (I): separation and Fenchel-Moreau 
duality in random locally convex modules, arXiv preprint:1503.08695 (2015). 

[21] T. Guo, S. Zhao, X. Zeng, Random convex analysis (II): continuity and subdifferentiabil¬ 
ity theorems in L*^-pre-barreled random locally convex modules, arXiv preprint:I503.08637 
(2015). 

[22] R. Haydon, M. Levy, Y. Raynaud, Randomly Normed Spaces, Hermann, Paris, 1991. 

[23] R.C. James, Reflexivity and the supremum of linear functionals, Ann. of Math. 66 (1957) 
159-169. 

[24] A. Jamneshan, A theory of conditional sets, PhD thesis, Humboldt-Universitat zu Berlin, 
2014. 

[25] E. Jouini, W. Schachermayer, N. Touzi, Law invariant risk measures have the Fatou prop¬ 
erty, Adv. Math. Econ. 9 (2006) 49-71. 

[26] Y. Kabanov, Ch. Strieker, A teacher’s note on no-arbitrage criteria, Seminaire de proba- 
bilites de Strasbourg 35 (2001) 149-152. 

[27] J. Orihuela, M. Ruiz Galan, Lebesgue property for convex risk measures on Orlicz spaces. 
Math. Financ. Econ. 6(1) (2012) 15-35. 

[28] S. Simons, A convergence theorem with boundary, Pacific J. Math. 40 (1972), 703-708. 

[29] M. Wu, T. Guo, A counterexample shows that not every locally L^'-convex topology is 
necessarily induced by a family of L°-seminorms, arXiv preprint arXiv:1501.04400 (2015). 

[30] J. M. Zapata, Randomized versions of Mazur lemma and Krein-Smulian theorem, arXiv 
preprint:1411.6256 (2014). 

[31] J. M. Zapata, On the characterization of locally L°-convex topologies induced by a family 
of L°-seminorms, J. Convex Anal. 24(2) (2017) - to appear. 

[32] J. M. Zapata, Versions of Eberlein-Smulian and Amir-Lindenstrauss theorems in the frame¬ 
work of conditional sets, Appl. Anal. Discrete Math. 10(2) (2016), 231-261. 


28 



